Chapter 11

Charting the statespace

The classi cation of the constituentof a chaos,nothing
lessis hereessayed.

—HermanMelville, Moby Dick, chapter32

n this chapterandthe next we learnhow to partition statespacedn atopolog-
ically invariantway, andnametopologicallydistinctorbits.

We startin sect.11.1 with a simple and intuitive example, a 3-disk game
of pinball. The qualitatve dynamicsof stretchingshrinkirg strips of surviving
statespaceregions enablesus to partition the statespaceand assignsymbolic
dynamicsitinerariesto trajectories. For the 3-disk gameof pinball all possible
symbolsequencesnumeratell possibleorbits.

In sect.11.2we useRosslerandLorenz o wsto motivatemodelingof higher
dimensional o ws by iterationof 1-dimensionamaps. For thesetwo o ws the
1-dimensionamapscaptureessentiallyall of thehigherdimensionalo w dynam-
ics, both qualitatvely and quantitatvely. 1-dimensionamapssu ce to explain
thetwo key aspect®f qualitatve dynamicsitempoal ordering or itinerary with
which a trajectoryvisits statespaceregions(sect.11.3),andthe spatial ordering
betweertrajectorypoints(sect.11.4),whichis the key to determiningthe admis-
sibility of anorbit with a prescribedtinerary In a genericdynamicalsystemnot
every symbolsequencés realizedasa dynamicaltrajectory;asonelooksfurther
and further, one discorers more and more “pruning’ rules which prohibit fami-
lies of itineraries. For 1-dimensionalstretch& fold' mapsthe kneadingtheory
(sect.11.5)providesthede nitive answerasto whichtemporalitinerariesaread-
missibleastrajectorief thedynamicalsystem Finally, sect.11.6is meantsene
asaguideto the basicconceptof symbolicdynamics.

Deceptvely simple,this subjectcangetvery di cult very quickly, soin this
chapterwe do the rst, 1-dimensionapassat a pedestriarievel, postponingthe
discussiorof higherdimensionalcyclist level issuego chapterl2.

Eventhoughby inclination you might only careaboutthe seriousstu , like
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Figure 11.1: A coarsepartitionof M into regionsM o,
M 1, andM ,, labeledby ternaryalphabe® = f1;2;3g

Rydbeg atomsor mesoscopidevices,andresentwastingtime on formal things,
this chapterandchaptersl4 and15 aregoodfor you. Studythem.

11.1 Qualitative dynamics

(R. Mainieri andP. CvitanoviC)

Whatcana ow doto pointsin statespace?Thisis averydi cult questionto
answertbecausave have assumedery little aboutthe evolution function f; con-
tinuity, anddi erentiabilityasu cientnumberof times. Trying to make senseof
this questionis oneof the basicconcernsn the studyof dynamicalsystemsThe
rst answemwasinspiredby the motion of the planets:they appearo repeatheir
motion throughthe rmament, so the ancients'attemptsto describedynamical
systemswereto think of themasperiodic.

However, periodicity is almostnever quite exact. Whatonetendsto obsere
is recurrence A recurrenceof a point xg of a dynamicalsystemis a return of
that point to a neighborhoodf whereit started. How closethe point xo must
returnis up to us: we canchoosea volumeof ary sizeandshapeandcall it the
neighborhoodM o, aslong asit enclosess. For chaoticdynamicalsystemsthe
evolution mightbring the point backto the startingneighborhoodn nitely often.
Thatis, theset

n 0
y2Mo: y=fi(x); t>to (11.1)

will in generahave anin nity of recurrentepisodes.

To obsenre arecurrencave mustlook at neighborhoodsf points. This sug-
gestsanotherway of describinghow pointsmove in statespace the important
rst stepon the way to a theoryof dynamicalsystems:qualitatve, topological
dynamics,or symbolicdynamics As the subjectcanget quite technical,a sum-
mary of the basicnotionsand de nitions of symbolic dynamicsis relegatedto
sect.11.6; checkthat sectionandreferencesited in remark11.1wheneer you
runinto ba ing jargon.
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Figure 11.2: A trajectorywith itinerary021012.

<

Figure 11.3: A 1-stepmemoryre nementof the par
tition of gure 11.1,with eachregion M ; subdvided
into Mo, Mj;, and M ,, labeledby nine “words’
f00,01;,02 ;21,22

9/9 7

gure 11.1. This canbe donein mary ways, not all equally clever. Any such
divisionof statespacento distinctregionsconstitutes partition, andwe associate
with eachregion (sometimegeferredto asa statg a symbols from an N-letter
alphabetor statesetA = fA; B;C; ;Zg As thestateevolves,di erentregions
will be visited. The visitation sequence forthwith referredto astheitinerary -
canberepresentetly thelettersof thealphabet . If, asin theexamplesketched
in gure 11.2,the statespaces dividedinto threeregionsM o, M 1, andM ,, the
“letters’ arethe integersf0; 1; 2g andthe itinerary for the trajectorysketchedin
the gureisO7! 271171071171 27!

Example 11.1 3-disk symbolic dynamics: Consider the motion of a freeegeicite 1.1
particle in a plane with 3 elastically re ecting convex disks, gure 11.4. After a collision

with a disk a particle either continues to another disk or escapes, so a trajectory can

be labeled by the disk sequence. Sets of con gur ation space pinball trajectories of
gure 11.4 become quickly hard to disentangle. As we shall see in what follows, their
state space visualization in terms of Poincaré sections P = [s; p] (gure 11.5, see also
gure 3.4) is much more powerful.  (continued in example 11.2)

In generabnly a subsedf pointsin M g reachedM . Thisobserationo ers
a systematiavay to re ne a partition by introducingm-stepmemory the region
Ms, ss consistof the subsebf pointsof M s, whosetrajectoryfor the next m
time stepswill besy 7! 5 7! 7! sy, seegure 11.3.

Example 11.2 3-disk state space partition: (continued from example 11.1) At
each bounce a cone of initially nearby trajectories defocuses (see gures 1.8 and 11.4),
and in order to attain a desired longer and longer itinerary of bounces the strip of initial
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Figure 11.5: The3-diskgameof pinball Poincaé O\
section, trajectoriesemanatingfrom the disk 1 \
with x = (arclength parallelmomentum)= (s; p), \ \
wherep = sin . (@) Stripsof initial pointsM 1, % 0 2 \qs\‘\
M 13 which reachdisks 2, 3 in one bounce,re- ! \
spectvely. (b) 1-stepmemoryre nementof parti- \ \ A\
tion (see gure 11.3):stripsof initial pointsM 1,1,
M 131, M 132 andM 123 which reachdisks 1, 2, 3
in two bouncesrespectiely. Disk radius: center Y o
separatiomatioa:R= 1:2.5. (Y.Lan) (@) s

23132321

Figure 11.4: Two pinballs that start out very close
to eachother exhibit the samequalitatve dynamics
_2313 for the rst threebouncesbut dueto the expo-
nentially growing separatiorof trajectorieswith time,
follow di erentitinerariesthereafteroneescapesfter
_2313, the otheroneescapesfter 23132321. (No-
tation 2313 is explainedin sect.11.6.) 2313

1

1

points Xo = (So; Po) has to be speci ed with exponentially ner precision, nested within

the initial state space strips drawn in gure 11.5. (continued in example 12.2)

If thereis nowayto reachpartitionM ; from partitionM j, andcorversely par
tition M j from partition M ;, the statespaceconsistsof atleasttwo disconnected
pieces,andwe cananalyzeit pieceby piece. An interestingpartition shouldbe
dynamicallyconnectedi.e., oneshouldbe ableto go from ary region M ; to ary
otherregion M j in a nite numberof steps. A dynamicalsystemwith sucha
partitionis saidto be metricallyindecomposable

In generalone also encounterdransientregions - regionsto which the dy-
namicsdoesnot returnto oncethey are exited. Hencewe have to distinguish
between(uninterestingo us)wanderingrajectorieghatnever returnto theinitial
neighborhoodandthe non—wanderingset(2.2) of therecurtenttrajectories.

However, knowing thata point from M ; reachedM ;; ;M gin onestep
is not quite goodenough. We would be happierif we knew thatthe mapof the
entireinitial region f(M ;) overlapsnicely with theentireM ;; otherwisewe have
to subpartitionM ; into the subsetf(M ;) andthe remindey and often we will

nd ourselhes partitioningad in nitum, a di cult topic that we shall returnto
sect.12.4.

Suchconsiderationsnotivatethe notion of a Markov partition, a partitionfor
which no memory of precedingstepsis requiredto x the transitionsallowed
in the next step. Finite Markov partitions can be generatedby expandingd-
dimensionaiteratedmappingsf : M ! M, if M canbedividedinto N regions
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Figure 11.6: For the 3-disk game of pinball no
itinerariesare prunedas long as the inter-disk spac-
ing exceedsR : a > 2:04821419:.. (from
K.T. Hanser[12.20Q)

fully coveraregionM j, or missit altogether
either M\ f(Mj)=; or M; f(Mj): (11.2)

Whethersuchpartitionscanbe foundis not clearat all - the bordersneedto be
lower-dimensionalketsinvariantunderdynamics,andthereis no guaranteehat
thesearetopologicallysimpleobjects. However, the gameof pinball (andmary
othernon-wanderingrepellersets)is especiallynice: theissueof determiningthe
partitionbordersdoesnotarise,asthesurvivorslive ondisconnectegiecesof the
statespaceseparatetby a chasmof escapingrajectories.

Theitineraryof abilliard trajectoryis nite for ascatteringrajectory coming
in from in nity and escapingafter a nite numberof collisions, in nite for a
trappedtrajectory andin nitely repeatingfor a periodic orbit. A nite length
trajectoryis not uniquelyspeci ed by its nite itinerary but anisolatedunstable
cycleis: itsitineraryis anin nitely repeatingolock of symbols. For hyperbolic
o ws the intersectionof the future and pastitineraries,the bi-in nite itinerary
STST= 5,515 speci esauniqueorbit. Almostall in nite length
trajectorieqorbits) areaperiodic. Still, the longerthe trajectoryis, the closerto
it is a periodicorbit whoseitinerary shadws the trajectoryfor its whole length:
think of the statespaceasthe unit interval, aperiodicorbits asnormalnumbers,
andperiodiconesasfractionswhosedenominatorgorrespondo cycle periods,
asis literally the casefor the Farey map(20.31).

Determiningwhetherthe symbolicdynamicsis complete(asis the casefor
su ciently separatedisks,see gure 11.6),pruned(for example for touchingor
overlappingdisks),oronly a rst coarse-grainingf thetopology(as,for example,
for smoothpotentialswith islandsof stability) requiresa case-by-casvestiga-
tion, adiscussiowe postponauntil sect.11.5andchapterl2. For nov we assume
thatthedisksaresu ciently separatedhatthereis no additionalpruningbeyond
the prohibitionof self-bounces.

Inspecting gure 11.5we seethat the relative orderingof regionswith dif-
fering nite itinerariesis a qualitatve, topologicalpropertyof the o w. This ob-
senation motivatessearchedor simple, ‘canonical' partitionswhich exhibit in
a simple mannerthe spatialorderingcommonto entire classesf topologically
similar nonlinear o ws.
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11.2 Fromd-dimensional o wsto 1-dimensionalmaps

Symbolicdynamicsfor the 3-disk gameof pinball is so straightforvard thatone
may altogetherfail to seethe connectionbetweenthe topology of hyperbolic
o ws andtheir symbolicdynamics. This is broughtout more clearly by the 1-
dimensionavisualizationof “stretch& fold' o wsto whichweturnnow.

We constructherethereturnmaps(3.4) for two iconic o ws, the Rosslerand
theLorenz,in orderto shav how ODEsin higherdimensionsanbe modeledby
low-dimensionamaps.In the examplesat handthe strongdissipatiorhappengo
renderthe dynamicsessentiallyl-dimensionalpoth qualitatively and quantitati-
vely. However, aswe shallshawv in chapterl2, strongdissipationis not essential
-the hyperbolicityis- sothemethodappliesto Hamiltonian(symplecticareaspre-
serving) o wsaswell. Thekey ideais to replaceheoriginal, arbitrarilyconcocted
coordinatedy intrinsic, dynamicallyinvariantcurvilinearcoordinate®rectedon
neighborhoodsf unstablemanifolds.

fast track:
W sect. 11.3, p. 209
Supposeoncentrationsf certainchemicareactantsvorry you, or thevariati-

onsin the Chicagotemperaturehumidity, pressureandwindsa ectyour mood.
Suchquantitiesvary within some x ed range,and so do their ratesof change.
Evenif we arestudyinganopensystemsuchasthe 3-disk pinball game we tend
to beinterestedn a nite region aroundthe disksandignorethe escapeesSoa
typical dynamicakystenthatwe careaboutis boundedIf thepriceto keepgoing
is high - for example,we try to stir up sometar, andobsere it cometo a dead
stopthe momentwe ceaseour labors- the dynamicstendsto settleinto a simple
state.However, astheresistancéo changedecreasesthetaris heatedup andwe
aremorevigorousin our stirring - thedynamicsbecomesinstable.

Example 11.3 Rdéssler attractor return map: Stretch & fold. (continued from
example 4.6) In the Réssler ow (2.17) of example 3.4 we sketched the attractor by
running a long chaotic trajectory, and noted that the attractor of gure 3.5 is very thin.
For Réssler o w an interval transverse to the attractor is stretched, folded and ercely
pressed back. The attractor is fractal,’ but for all practical purposes the return map
is 1-dimensional: your printer will need a resolution better than 10* dots per inch to
start resolving its structure. We had attempted to describe this “stretch & fold' o w by a
1-dimensional return map, but the maps that we plotted in gure 3.6 were disquieting;
they did not appear to be a 1-to-1 maps. This apparent non-invertibility is an artifact of
projection of a2 dimersionalreturn map (Rn; z,) ! (Ru+1; Zw+1) onto the 1-dimensional
subspace R, ! R.+1. Now that we understand equilibria and their linear stability, let's
do this right.

The key idea is to measure arclength distances along the unstable manifold of
the x equilibrium point, as in ®gure 11.7 (a). Luck is with us; ®gure 11.7 (b) return map
Sw1 = P(s,) looks much like a parabola of example 3.9, so we shall take the unimodal
map symbolic dynamics, sect. 11.3, as our guess for the covering symbolic dynamics.

(continued in example 11.11)
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Figure 11.7: (@) x = 0,y > 0 Poincaé sectionof
the x unstablemanifold, Rossler ow gure 2.6.
(p1; p2) aremeasureavith the origin placedat x .

(b) s!

distancemeasuredalongthe unstablemanifold of P
equilibriumpointx . (A. BasuandJ.Newman) () 1

-0.02
o

n+1

-0.04

P(s) returnmap,wheresis thearc-length '0'060 5 10

(b)

You gettheidea- Rossler o w windsaroundthe stablemanifold of the "cen-
tral' equilibrium, stretchesandfolds, andthe dynamicson the Poincaé section
of the ow canbereducedto a 1-dimensionamap. The next exampleis simi-
lar, but the folding mechanisms very di erent: the unstablemanifold of oneof
the equilibria collideswith the stablemanifold of the otherone,forcing a robust
hetepclinic connectiorbetweerthetwo.

fast track:
g sect. 11.3, p. 209
11.2.1 Heteroclinic connections

In general,two manifoldscanintersectin a stableway if the sum of their di-

mensionss greaterthanor equalto the dimensionof the statespace hencean
unstablemanifold of dimensionk is likely to intersecta stablemanifold whose
codimensiorin statespaces lessthanor equalto k (i.e., robustly with respecto

small changeof systemparameters)Trajectorieghatleave a x ed point along
its unstablemanifold andreachanother x ed point alongits stablemanifold are
calledhetepclinic if thetwo x ed pointsaredistinctor homoclinicif the initial

andthe nal pointarethe samepoint. Whetherthe two manifoldsactuallyin-

tersectis a subtlequestionthatis centralto the issueof “structural stability” of

ergodicdynamicalsystems.

10

remark 11.3

Example 11.4 Lorenz o w: Stretch & crease. We now deploy the symmetry of

Lorenz ow to streamline and complete analysis of the Lorenz strange attractor com-
menced in example 9.10. There we showed that the dihedral D, = fe; Rg symmetry
identi es the two equilibria EQ; and EQ», and the traditional “two-eared' Lorenz ow
gure 2.5 is replaced by the ‘single-eared' o w of gure 9.4 (a). Furthermore, symme-
try identi es two sides of any plane through the z axis, replacing a full-space Poincaré
section plane by a half-plane, and the two directions of a full-space eigenvector of EQg
by a one-sided eigenvector, see gure 9.4 (a).

Example 4.8 explained the genesis of the Xeq, equilibrium unstable manifold,
its orientation and thickness, its collision with the z-axis, and its heteroclinic connec-
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u WHEQy).
0 WI(EQ,) ;
Figure 11.8:(a) A Poincaé sectionof the Lorer
o w in thedoubled-polaanglerepresentationg 30 .
ure 9.4, givenby the[y% 7] planethatcontainstr N EQ,
z-axisandthe equilibrium EQ;. x° axis pointstc 20
ward the viewer. (b) The Poincaé sectionof th
Lorenz o w by the sectionCrossingsnto these 10
tion are marked red (solid) and crossingsout ¢ =
the sectionare marked blue (dashed).Outermc EQ o EQ,
points of both in- and out-sectionsare given b % 10 0 10 20
the EQq unstablemanifoldW!(EQy) intersectiot y
(E. Siminos) X (b)
25
WS(EQ,)
20
Figure 11.9: The Poincaé return map Sy =
P(s,) parameterizecdy Euclideanarclengths mea- 15
suredalongthe EQ, unstablemanifold, from xgq, to (,,E
WH(EQp) sectionpoint, uppermostright point of the 10
blue (dashedsegmentin gure 11.8(b). Thecritical
point (the “crease")of the mapis given by the section 5
of the heteroclinicorbit W3(EQy) thatdescendsll the
wayto EQq, in in nite timeandwith in nite slope.(E. % 5 0 15 20 25
Siminos) S,

tion to the Xeq, = (0; 0; 0) equilibrium. All that remains is to describe how the EQq
neighborhood connects back to the EQ, unstable manifold.

Figure 9.4 and gure 11.8(a) show clearly how the Lorenz dynamics is pieced
together from the 2 equilibria and their unstable manifolds: Having completed the de-
scent to EQq, the in nitesimal neighborhood of the heteroclinic EQ1 ! EQq trajectory
is gjected along the unstable manifold of EQq and is re-injected into the unstable man-
ifold of EQ1. Both sides of the narrow strip enclosing the EQq unstable manifold lie
above it, and they get folded onto each other with a knife-edge crease (contracted
exponentially for in nite time to the EQqg heteroclinic point), with the heteroclinic out-
trajectory de ning the outer edge of the strange attractor. This leads to the folding of
the outer branch of the Lorenz strange attractor, illustrated in gure 11.8(b), with the
outermost edge following the unstable manifold of EQq.

Now the stage is set for construction of Poincaré sections and associated
Poincaré return maps. There are two natural choices; the section at EQq, lower part
of gure 11.8(b), and the section (blue) above EQ. The rst section, together with
the blowup of the EQq neighborhood, gure 4.7 (b), illustrates clearly the scarcity of
trajectories (vanishing natural measure) in the neighborhood of EQqy. The at section
above EQ; (which is, believe it or not, a smooth conjugacy by the o w of the knife-sharp
section at EQq) is more convenient for our purposes. Its return map (3.4) is given by
gure 11.9.

The rest is straight sailing: to accuracy 10 * the return map is unimodal, its crit-
ical point's forward trajectory yields the kneading sequence (11.13), and the admissible
binary sequences, so any number of periodic points can be accurately determined from
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n+1
o

Figure 11.10: (a) The Rdsslerow, gure 3.5,is

an exampleof a recurrento w that stretchesand
folds. (b) TheRossler stretch& fold' returnmap,
gure 11.7(b). (R.PaskauskasindA. Basu) (a)

(b)

this 1-dimensional return map, and the 3-dimensional cycles then veri ed by integrating
the Lorenz differential equations (2.12). As already observed by Lorenz, such a map is
everywhere expanding on the strange attractor, so it is no wonder mathematicians can
here make the ergodicity rigorous. section 20.5

(E. Siminos and J. Halcrow)

What have we learnedfrom the above two exemplary3-dimensionalo ws?
If a ow is locally unstablebut globally boundedary openball of initial points
will be stretchedout andthenfolded back. If the equilibria are hyperbolic,the
trajectorieswill beattractecalongsomeeigen-directionandejectedalongothers.
The unstablemanifold of one equilibrium can avoid stablemanifolds of other
equilibria, asis the casefor Rossler or slice them headon, asis the casefor
Lorenz. A typical trajectorywandersthroughstatespace alternatvely attracted
into equilibria neighborhoodsandthenejectedagain. Whatis importantis the
motionalongthe unstablemanifolds— thatis whereld mapscomefrom.

At this juncturewe proceedto shav how this works on the simplestexam-
ple: unimodalmappingsof the intenal. The eruditereadermay skim through
this chapterandthentake a more demandingpath, via the Smalehorseshoesf
chapterl2. Unimodalmapsareeasierbut physicallylesscompelling.The Smale
horseshoes erthehigh road,morecomplicatedput theright tool to generalize
whatwe learnedrom the 3-diskdynamics andbegin analysisof generakdynam-
ical systemslt is up to you - unimodalmapssu ceto getquickly to the heartof
thistreatise.

11.3 Temporal ordering: itineraries

In this sectionwe learn how to nametopologically distinct trajectoriesfor the
simple,but instructive case;1-dimensionamapsof anintenal.

Thesimplestmappingof thistypeis unimodal;intenal is stretchedndfolded
only once,with at mosttwo points mappinginto a point in the refoldedinter
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Figure 11.11: The full tent map (11.4) partition |/() ‘ Jdc  On
fM 00; M 01; M 11; M 10g togetherwith the x ed points ¢ , \ ;
X0, X1. 00 01 11 10

val, asin the Rosslerreturnmap gure 11.10(b). A unimodalmap f(x) isa 1-
dimensionafunctionR! R de nedonaninternval M 2 R with amonotonically
increasingor decreasingpranch acritical point (or intenal) x. for which f(xc)
attainsthe maximum(minimum) value,followed by a monotonicallydecreasing
(increasingranch.Uni-modalmeanghatthe mapis a 1-humpedmnapwith one
critical point within interval M . Multi-modal maps,with several critical points
within internval M , canbe describedvith a straight-forvard generalizatiorof the
methodswve describenext.

Example 11.5 Unimodal maps: (continued from example 3.9) The simplest exam-
ples of unimodal maps are the quadratic map

f(X)=Ax1Q Xx); x2M =[0;1] (11.3)

and numerically computed return maps such as gure 11.10(b). Such dynamical
systems are irreversible (the inverse of f is double-valued), but, as we shall show
in sect. 12.2, they may nevertheless serve as effective descriptions of invertible 2-
dimensional hyperbolic ows. For the unimodal map such as gure 11.12 a Markov
partition of the unit interval M is given by the two intervals fM o;M 19  (continued in
example 11.6)

Example 11.6 Full tent map, Ulam map: (continued from example 11.5) The
simplest examples of unimodal maps with complete binary symbolic dynamics are the
full tent map, gure 11.11,

f()=1 2§ 1=2; 2M =[0;1]; (11.4)
the Ulam map (quadratic map (11.3) with A= 4) exercise 6.4
f(X)=4x(1 Xx); x2M =[0;1]; (11.5)

and the repelling unimodal maps such as gure 11.12. For unimodal maps the Markov
partition of the unit interval M is given by intervals fM o; M 10 We refer to (11.4) as the
complete tent map because its symbolic dynamics is complete binary: as both f (M g)
and f(M j) fully cover M = fM o; M 19 all binary sequences are realized as admissible
itineraries.
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Figure 11.12: A unimodalrepellerwith the survivor
intenals after 1 and 2 iterations. Intenvals marked
SIS S consistof pointsthatdo notescapen n iter-
ations,andfollow theitineraryS* = 5,5, s,. Note

10
101\

thatthe spatialorderingdoesnotrespecthebinaryor-

dering; for example xgo < X1 < X11 < Xio- Also in-
dicated:the x ed pointsO0, 1, the 2-cycle 01, andthe 0 ‘ 1

3-gycle 011 00 01 1

For 1d mapsthecritical valuedenotesitherthe maximumor the minimum
value of f(x) on the de ning interval; we assumeherethatit is a maximum,
f(xe) f(x)forall x 2 M. The critical point X; thatyields the critical value
f(Xc) belongseitherto theleft norto theright partitionM ;, andis denotedy its
own symbols = C. As we shallsee,its imagesandpreimagesene aspartition
boundarypoints.

The trajectory xp; Xo; X3; : :: of the initial point Xq is given by the iteration
Xne1 = T(Xn) @ Iterating f andcheckingwhetherthe pointlandsto theleft or to the
right of x. generateatempoally orderedopologicalitinerary(11.17)for agiven
trajectory

8
51 if Xn > X

snng if Xn= X (11.6)
-0 if Xy < X

Wereferto S*(xg) = ;51583 asthefuture itinerary. Our next taskis to answer
thereverseproblem:givenanitinerary whatis the spatial orderingof pointsthat
belongto the correspondingtatespacerajectory?

11.4 Spatial ordering

Tired of beingharassedby your professorsFinish,geta
job, do combinatorics/our own way, while you still know
everything.

—ProfessoGattoNero

Suppose/ou have succeedeh constructinga coveringsymbolicdynamicssuch
asthe onewe constructedor a well-separate@-disk system.Now startmoving
the diskstoward eachother At somecritical separatior(see gure 11.6)a disk
will start blocking families of trajectoriestraversingthe other two disks. The
orderin which trajectoriesdisappeaiis determinedby their relative orderingin
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Figure 11.13: Then = 2, 4-intenals statespacepar

tition for the Bernoulli shift map(11.7),togethemwith

the x edpoints0, 1 andthe 2-cycle 01

space;the onesclosestto the inteneningdisk will be pruned rst. Determining
inadmissibldtinerariesrequiresthatwe relatethe spatialorderingof trajectories
to theirtime orderedtineraries.

The easiestpoint of departureis to start out by working out this relation
for the symbolicdynamicsof 1-dimensionaimappings. As it appeardmpossi-
ble to presenthis materialwithout gettingboggeddown in a seaof 0's, 1's and
subscriptedsubscriptswe announcehe main resultbeforeembarkinguponits
derivation:

The admissibility criterion (sect.11.5) eliminatesall itinerariesthat cannot
occurfor agivenunimodalmap.

exercise 12.7

section 11.5

Example 11.7 Bernoulli shift map state space partition. First, an easy example:

the Bernoulli shift map, gure 11.13,

; 2Mo

=2 0;1=2
b( ) = blggzz 1; 2M1[ )

a=21] -

(11.7)

models the 50-50% probability of a coin toss. It maps the unit interval onto itself, with
xed points ¢=0, 1= 1. The closely related doubling map acts on the circle

X 7! 2x (mod 1); x 2 [0;1] (11.8)

and consequently has only one xed point, xo = 0 =1 (mod 1). The Bernoulli map
is called a ‘shift' map, as a multiplication by 2 acts on the binary representation of

= :19%3::: by shifting its digits, b( ) = :s;S3:::. The nth preimages b "( ) of the
critical point . = 1=2 partition the state space into 2" subintervals, each labeled by the
rst n binary digits of points = :515S3 . : within the subinterval: gure 11.13 illustrates
such 4-intervals state space partition fM go; M 01; M 11; M 10gfor n = 2.

Consider a map f(X) topologically conjugate (two monotonically increasing
branches) to the Bernoulli shift, with the forward orbit of X generating the itinerary
S1$S3: .. Convert this itinerary into Bernoulli map point = :$15S3::.. These values
can now be used to spatially order points with different temporal itineraries: if < ©,

then x < X2

Suppose we have already computed all (n 1)-cycles of f(X), and would now
like to compute the cycle p = S19S3::: S, of periodn. Mark values on the unit interval
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Figure 11.14: Alternating binary tree relates the
itinerary labeling of the unimodalmapintenals, g- |, 0 . 1
ure11.12 to their spatialordering. Dottedline stands

for O, full line for 1; thebinarysub-treevhoserootisa =
full line (symbol1) reverseghe orientation,dueto the S oo 1100 \ist 10 100
ﬁmf

orientationreversingfold in gures 11.10and11.12. T‘T I‘
D: [=]

Seealso gure 14.4.
for all known periodic points of the Bernoulli shift map, and then insert in between them
«wk=0;1,  ;np 1 corresponding to periodic points of cycle p. In the dynamical
state space they will be bracketed by corresponding cycle points X; from cycles al-
ready computed, and thus the knowledge of the topological ordering of all cycle points
provides us with robust initial guesses for periodic-orbit searches for any map with 2
monotonically increasing branches. (continued in example 23.5)

For the Bernoulli shift corverting itinerariesinto a topological orderingis
easy;thebinaryexpansionof coordinate is alsoits temporanytinerary Thetent
map(11.4), gure 11.11is abit harder It consistof two straightsegmentgoined
atx = 1=2. Thesymbols, de nedin (11.6)equal) if thefunctionincreasesand
1if thefunctiondecreasedterationforwardin time generatethetime itinerary
Moreimportantly thepiecaviselinearity of themapmakesthe corversepossible:
determineanalyticallyaninitial point givenits itinerary, a propertythatwe now
useto de ne atopologicalcoordinatizatiorcommonto all unimodalmaps.

Herewe have to facethe fundamentaproblemof pedagogy:.combinatorics
cannotbetaught. Thebestonecandois to statethe answerandthenhopethat
youwill gure it outby yourself.

Thetentmappoint (S*) with futureitinerary S* is given by converting the
sequencef s,'sinto abinary numberby thefollowing algorithm:

Wn+1 1 Wh if S’l+1=1 , W =9
X

(SY) = Oowwows::ii= w2 (11.9)
n=1

This follows by inspectionfrom the binarytreeof gure 11.14.Onceyou gure exercise 11.4
this out, feel freeto complainthattheway therule is statechereis incomprehen-
sible,andshav ushow you did it better

Example 11.8 Converting to S*: whose itinerary is S* = 0110000 s given
by the binary number = :010000 . Conversely, the itinerary of = :0liss; = 0,
f()=:1! s=1,f()=1f(l)=1! s3=1, etc.. Orbit that starts out as a nite
block followed by in nite repeats of another block p= Sy, = (89S :: s)! is said to be
heteroclinic to the cycle p. An orbit that starts out as p'nfty followed by a nite block
followed

We referto (S*) asthe (future) topolaical coodinate w;'s arethe digits
in the binary expansionof the startingpoint for the full tentmap (11.4). In
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theleft half-intenal the map f (x) actsby multiplication by 2, while in the right
half-intenal the mapactsasa ip aswell asmultiplication by 2, reversingthe
ordering,andgeneratingn the procesghe sequencef s,'s from thebinarydigits
Wh.

Themapping Xo! S*(X)! o= (S*) isatopolgical conjugacywhich
mapsthetrajectoryof aninitial point xo underiterationof a givenunimodalmap
to thatinitial point for whichthetrajectoryof the canonical'unimodalmap,the
full tentmap (11.4), hasthe sameitinerary The virtue of this conjugay is that

(S™) preservesheorderingfor ary unimodalmapin thesensehatif X > x, then

>

Example 11.9 Periodic orbits of unimodal maps. Let

fo(X) if X< X

) = fi(X) if X> X ;

(11.10)

and assume that all periodic orbits are unstable, i.e., the stability , = fX0 (see (4.51))
satis es j pj> 1. Then the periodic point X s,s,::s, iS the only x ed point of the unique
composition (3.17) of n maps

fs, fs, fSL(XSLSQSQZZZSn) = Xs 5508, (11.112)

(note that successive maps, applied from the left, correspond to later times, i.e., later
symbols in the itinerary).

The nth iterate of a unimodal map has at most 2" monotone segments, and
therefore there will be 2" or fewer periodic points of length n.  For the full tent map
(11.4) it has exactly 2" periodic points. A periodic orbit p of length n correspondsskection 12.2
in nite repetition of a length n = n, symbol string block, customarily indicated by a line
over the string: p = Sp = (S19S3::: s$)! = %775, As all itineraries are in nite,
we shall adopt convention that a nite string itinerary p = S1$S3::: S, stands for in nite
repetition of a nite block, and routinely omit the overline. A cycle p is called prime if its
itinerary S cannot be written as a repetition of a shorter block S°. If the itinerary of X is
pP=S19%3::: S, its cyclic permutation kp = §S+1:. .S .. X 1 corresponds to the
point x¢ 1 in the same cycle.

Example 11.10 Periodic points of the full tent map. Each cycle p is a set of np
rational-valued full tent map periodic points . It follows from (11.9) that if the repeating
string $1 .. S, contains an odd number of "15, the string of well ordered symbols
W1W5 ;i Won has to be of the double length before it repeats itself. The cycle-point is
a geometrical sum which we can rewrite as the odd-denominator fraction

22n zn .
ECEEE o1 wWy=2 (11.12)
t=1

Using this we can calculate the ", = "(Sp) for all short cycles. For orbits up to length 5
this is done in table 11.1.
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S ~(S) S ~(S)

0|0 = 0 10111/ :11010 = 2631

11:10 = 2=3 || 10110 ;1101100100 = 28=33
10| :1100 = 4=5 || 10010| :11100 = 2831
101 | :110 = 6=7 | 10011|:1110100010 = 10=11
100 | :111000 = 8=9 || 10001|:11110 = 30231
1011|:11010010 = 14=17| 10000|:1111100000 = 3233
1001 :1110 = 14415
1000|:11110000 = 16=17

Table 11.1: Themaximalvaluesof unimodalmapcyclesupto length5.  (K.T. Hansen)

Critical pointsare special- they de ne the boundarybetweenintenals, i.e.,
intenal is splitinto O [left part], x; [critical point] and1 [right part]. For the dike
mapandtherepeller gure 11.12x. is thewholeintenal of pointsalongthe at
top of themap,but usuallyit is a point. As illustratedby gures 11.11and11.13,
for aunimodalmapthepreimaged "(xc) of thecritical point x; sere aspartition
boundarypoints.But not all preimages—onkasto ensurehatthey arewithin the
setof all admissibleorbitsby checkingthemagainsthekneadingsequencef the
map.

11.5 Kneadingtheory

(K.T. HanserandP. Cvitanori€)

Themainmotivationfor beingmindful of spatialorderingof temporalitineraries
is that this spatial orderingprovides us with criteria that separaténadmissible
orbits from thoserealizableby the dynamics. For 1-dimensionaimappingsthe

kneadingheoryprovidesa preciseandde niti ve criterionof admissibility

If the parametein the quadratiomap(11.3)is A > 4, thentheiteratesof the
critical point x; divegeforn! 1, andary sequenc&* composedf letterss; =
f0; 1gis admissibleandary valueof 0 < 1 correspondso anadmissibleorbit
in the non—wanderingsetof the map. The correspondingepelleris a complete
binary labeledCantorset,then ! 1 limit of the nth level covering intenals
sketchedn gure 11.12.

For A < 4 only a subsetof the pointsin theintenal 2 [0; 1] corresponds
to admissibleorbits. Theforbiddensymbolicvaluesaredeterminedy observing
thatthelargestx, valuein anorbitx; ! x! x3! :::hastobesmallerthanor
equalto the imageof the critical point, the critical value f(xc). Let K = S*(xc)
betheitineraryof thecritical point x¢, denotedhekneadingsequencef themap.
Thecorrespondingopologicalcoordinatds calledthekneadingvalue

= (K)= (ST(x)): (11.13)
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k =f(q)

fo }k

Figure 11.15: The “dike' mapobtainedby slicing of
thetop portionof thetentmapin gure 11.11.Any or-
bit thatvisitstheprimarypruningintenal ( ; 1] isinad-
missible. Theadmissibleorbitsform the Cantorsetob-
tainedby remaving from the unit internval the primary
pruninginterval andall its iterates. Any admissibleor-
bit hasthesametopologicalcoordinateanditineraryas

thecorrespondingentmap gure 11.11orbit. pruned

The “canonical'mapthat hasthe samekneadingsequenc& (11.13)as f(X)
is thedike map, gure 11.15,

S fo()=2 2Mo=[0; 2)
f()=5 ()= 2Mc=[21 2] ; (1119
PhO)=20 ) 2Mi=@ =21

obtainedby slicingo all S*(xg) > . Thedike mapis the full tent map
gure 11.11with thetop slicedo . It is corvenientfor codingthe symbolicdy-
namics,asthose valuesthatsurvive the pruningarethe sameasfor thefull tent
map gure 11.11,andareeasilycorvertedinto admissiblatinerariesby (11.9).

If (S*) > (K), thepoint x whoseitineraryis S* would exceedthe critical
value,x > f(xc), andhencecannotbeanadmissibleorbit. Let

(8N = sup ( "(S™) (11.15)

be the maximalvalug the highesttopological coordinatereachedby the orbit
1! x! x3! ::;where istheshift(11.20), ( S 25199193 ) =

S 25 1951:9Ss : Weshallcall theintenval ( ; 1] the primary prunedinter-
val. Theorbit S* isinadmissiblef of ary shiftedsequencef S* falls into this
intenal.

Criterion of admissibility: Let bethekneadingvalueof the critical point,
and “(S*) bethe maximalvalueof the orbit S*. Thentheorbit S* is admissible
if andonlyif “(S*)

While aunimodalmapmaydependnmary arbitrarily choserparametersis
dynamicsdeterminesgheuniquekneadingvalue . Weshallcall thetopolayical
parameterof the map. Unlike the parameter®f the original dynamicalsystem,
the topologicalparametehasno reasonto be eithersmoothor continuous.The
jumpsin asa function of the mapparametesuchasA in (11.3)correspondo
inadmissiblevaluesof the topologicalparameterEachjumpin corresponds$o
a stability window associatedavith a stablecycle of a smoothunimodalmap. For
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Figure 11.16: (a) Web diagram generatedby 5 s | 0.2
the trajectory of the critical point the unimodal ’ / y /
Rosslerreturnmapof gure 11.7(b). (b) Theweb / /
diagramfor the corresponding canonical' dike OO 2 4 6 8 10 OO 02 04 06 08
map (11.14) with the samekneadingsequence. S gn
(A. BasuandJ. Newman) (a) n (b)

thequadraticnap(11.3) increasesnonotonicallywith the paramete®, but for
ageneraunimodalmapsuchmonotonicityneednot hold.

Example 11.11 Rdssler return map web diagram:  (continuation of example 11.2) The
arclength distance along the unstable manifold of the X equilibrium point return map,
gure 11.7(b), generates the kneading sequence (11.13) as the itinerary of the critical
point plotted in gure 11.16 (a).

For furtherdetailsof unimodaldynamicsthereadeis referrecto appendipD. 1.
As we shallseein sect.12.4,for higherdimensionamapsand o ws thereis no
single parametethat ordersdynamicsmonotonically;as a matterof fact, there
is anin nity of parametershatneedadjustmentor a given symbolicdynamics.
Thisdi cult subjectis beyondour currentambitionhorizon.

fast track:
chapter 12, p. 226

11.6 Symbolicdynamics,basicnotions

(Mathematics)is considereda specializeddialect of the
naturallanguageandits functioning as a specialcaseof
speech.

— Yuril. Manin[11.]]

In this sectionwe collectthe basicnotionsandde nitions of symbolicdynamics. (ﬁb
Thereademight preferto skim throughthis materialon rst readingreturnto it
laterasthe needarises.

Shifts. We associatevith every initial point xo 2 M the future itinerary, a se-
guenceof symbolsS*(xg) = 1S3 Wwhich indicatesthe orderin which the
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regionsarevisited. If the trajectoryxs; X; Xs; : :: of theinitial point Xg is gener
atedby

Xne1 = F(Xn); (11.16)
thentheitineraryis givenby the symbolsequence
S$h=S if Xn 2 Mg: (11.17)

Similarly, the pastitinerary S™(Xg) = s 2S 15 describeghe history of xg, the
orderin which the regionswerevisited beforearriving to the point xo. To each
point Xy in thedynamicalspacewve thusassociate bi-in nite itinerary

S(X0) = (Sdez = S:S" = S35 10999Ss (11.18)

Theitinerarywill be nite for a scatteringrrajectory enteringandthenescaping
M aftera nite time,in nite for atrappedtrajectory andin nitely repeatingor
aperiodictrajectory

The setof all bi-in nite itinerariesthatcanbe formedfrom the lettersof the
alphabetA is calledthefull shift(or topolayical Markov chain)

A% =f(S)kez : k2 A forallk 2 Zg: (11.19)

Thejargonis not thrilling, but this is how professionallynamiciststalk to each
other We will stickto plain Englishto the extentpossible.

We referto this setof all concevableitinerariesasthe covering symbolicdy-
namics. The nameshiftis descriptve of theway the dynamicsactson thesese-
quencesAs s clearfromthede nition (11.17),aforwarditerationx! x°= f(x)
shiftsthe entireitinerary to the left throughthe “decimalpoint. This operation,
denotedoy theshift operator

( S291%0S1%S8 )= S 25 1951'9S%8 (11.20)

demotingthecurrentpartitionlabels; fromthefutureS* tothe hasbeen'itinerary
S™. Theinverseshift ! shiftstheentireitineraryonestepto theright.

A nite sequencd = sxS+1 S+n, 1 Of symbolsfrom A is calleda blodk
of lengthny,. If the symbolsoutsideof theblock remainunspeci ed,we denoteto
thetotality of orbitsthatsharethisblockby _sySc+1 Scn, 1--

A statespaceorbit is periodicif it returnsto its initial pointaftera nite time;
in the shift spaceaheorbitis periodicif itsitineraryis anin nitely repeatinglock

knead- 30mar2009 ChaosBook.ay version13Dec31 2009



p! . Weshallreferto thesetof periodicpointsM  that belongto agivenperiodic
orbit asacycle

P=51% S, =fXas, spiXe spsi i Xsps s 1O (11.21)

By its de nition, a cycle is invariantundercyclic permutationsof the symbols
in the repeatingblock. A barover a nite block of symbolsdenotesa periodic
itinerary with in nitely repeatingoasicblock; we shallomit the barwheneer it
is clearfrom the context thatthe orbit is periodic. Eachperiodicpointis labeled
by the rst np stepsof its futureitinerary For example,the 2nd periodicpointis
labeledby

Xs sps1 T Xg 5,5 % SpSL-

This - a bit strained- notationis meantto indicatethatthe symbolblock repeats
bothin the pastandin thefuture. It is helpful for determiningspatialorderingof
cyclesof 2D-hyperbolicmapsto beundertaknin sect.12.3.1.

A prime cycle p of lengthn, is a single traversalof the orbit; its label is
a block of np symbolsthat cannotbe written as a repeatof a shorterblock (in
literaturesuchcycle is sometimesalledprimitive; we shallreferto it as prime'’
throughouthis text).

Partitions. A partition is called geneating if every in nite symbol sequence
correspondso a distinctpoint in the statespace.Finite Markov partition (11.2)
is anexample.Constructinga generatingpartitionfor agivensystems adi cult
problem. In examplesto follow we shall concentraten casesvhich allow nite
partitions,but in practicealmostary generatingartitionof interests in nite.

A partitiontoo coarse coarsetthan,for example,a Markov partition, would
assigrthesamesymbolsequencéo distinctdynamicaltrajectories To avoid that,
we often nd it corvenientto work with partitions ner thanstrictly necessary
Ideally the dynamicsin the re ned partition assignsa uniguein nite itinerary

S 28 1%0:919S3  toeachdistinctorbit, but theremightexist full shift symbol
sequence$l1.19)which are not realizedas orbitss; suchsequencesre called
inadmissible andwe say that the symbolic dynamicsis pruned  The word
is suggestedby “pruning’ of branchesorrespondingo forbiddensequencefor
symbolicdynamicsorganizedhierarchicallyinto a treestructure asexplainedin
chapterl4.

A mappingf : M I M togetherwith a partition A inducestopolayical
dynamics( ; ), wherethesubshift

= f(sdkezG; (11.22)

is the setof all admissible(i.e., ‘pruned’)in nite itineraries,and : !
is the shift operator(11.20). The designation'subshift' comesform the factthat
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A“ is the subsetof the full shift (11.19). One of our principal tasksin
developingsymbolicdynamicsof dynamicalsystemshatoccurin naturewill be
to determine , the setof all bi-in nite itinerariesS thatareactuallyrealizedby
the givendynamicalsystem.

Pruning. If the dynamicsis pruned,the alphabetmustbe supplementedy
a grammar a setof pruningrules. After the inadmissiblesequencebave been
pruned,it is often corvenientto parsethe symbolicstringsinto wordsof variable
length- thisis calledcoding Supposdhatthe grammarcanbe statedasa nite
numberof pruningrules,eachforbiddinga block of nite length,

G =fby;by;  byg; (11.23)

wherea pruning blodk b is a sequencef symbolsb = 15, s, S 2 A, of
nite lengthny. In this casewe canalwaysconstructa nite Markov partition
(11.2)by replacing nite lengthwordsof theoriginal partitionby lettersof anew
alphabet.In particular if the longestforbiddenblock s of lengthM + 1, we say
thatthe symbolicdynamicsis a shift of nite typewith M-stepmemory.In that
casewe canrecodethe symbolicdynamicsn termsof anew alphabetwith each
new lettergivenby anadmissibleblock of at mostlengthM.

A topologicaldynamicalsystem( ; ) for whichall admissibldtinerariesare
generatedby a nite transitionmatrix (14.1)

= (sdkez © Tese, =1 forallk (11.24)

is calleda subshiftof nite type

in depth:
chapter 12, p. 226

Résumé

Fromourinitial chapter2 to 4 xation onthingslocal: arepresentate point, a
short-timetrajectory a neighborhoodin this chaptemwe have madea courageous
leapandgoneglobal.

Themainlessoristhat- if oneintendsto gothoughtfullyaboutglobalization
oneshouldtrustthedynamicdtself, andletit partitionthestatespaceby meanf
its (topologicallyinvariant) unstablemanifolds. This worksif every equilibrium
andperiodicorbit is unstable so oneexits it local neighborhoodvia its unstable
manifold. We delineatethe segmentof the unstablemanifold betweenthe x ed
point and the point wherethe nonlinearityof the dynamicsfolds backon itself
as the primary sgment, and measurdocation of nearbystatespacepoints by
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arclengthameasuredilongthis (curvilinear) sggment. For 1-dimensionaimaps
thefolding pointis thecritical point,andeasyto determineln higherdimensions,
thesituationis notsoclear- we shalldiscusghatin chapterl2.

Trajectoriesxit aneighborhooaf anequilibriumor periodicpointalongun-
stabledirections,andfall alongstablemanifoldstowardsother x edpoints,until
they againarerepelledalongtheir unstablemanifolds. Suchsequencesf visi-
tationscanbe describedy symbolicdynamics As we shallshav in chapterl4,
they areencodedy transitionmatriced transitiongraphsandapproximatedly-
namically by sequencesf unstablemanifold! unstablemanifold maps,or, in
caseof areturnto theinitial neighborhoodby returnmapss! f(s).

As “kneadingtheory' of sect.11.5illustrates,notall concevablesymbolseg-
uencesreactuallyrealized(admissiblg Theidenti cation of all inadmissibleor
prunedsequencess in generahot possible However, thetheoryto be developed
hererelieson exhaustve enumeratiorof all admissibletinerariesup to a given
topologicallength;chaptersl2 and15 describeseveral stratgiesfor accomplish-
ing thisfor physicallyrealisticgoals.

Commentar y

Remark 11.1 Symbolic dynamics. For a brief history of symbolic dynamics,from

J. Hadamardn 1898 onward, seenotesto chapterl of Kitchensmonograph11.2], a

very clearandenjoyablemathematicalntroductionto topicsdiscussedhere. Diacu and

Holmes[11.3] provide anexcellentsurey of symbolicdynamicsappliedto celestiaime-

chanicsForacompacsuney of symbolicdynamicgechniquesgonsultsects3.2and8.3

of Robinson11.4]. The binarylabelingof the once-foldingmapperiodicpointswasin-

troducedby Myrberg[11.5 for 1-dimensionamaps,andits utility to 2-dimensionamaps
hasbeenemphasizedh refs.[11.6, 11.7]. For 1-dimensionamapsit is now customary
to usethe R-L notationof Metropolis, Steinand Stein[11.8, 11.9, indicatingthatthe

point x, lies eitherto theleft or to theright of thecritical pointin gure 11.12.Thesym-

bolic dynamicsof suchmappingshasbeenextensiely studiedby meansof the Smale
horseshoeseefor exampleref. [11.10. Usinglettersratherthannumeralsn symboldy-

namicsalphabetgrobablyre ects goodtaste We prefernumeraldor theircomputational
convenienceasthey speedup corversionsof itinerariesinto the topologicalcoordinates
('; )introducedn sect.12.3.1.Thealternatingbinaryorderingof gure 11.14is related
to the Gray codesof computersciencgd11.11].

Remark 11.2 Kneading theory. Theadmissibldtinerariesarestudiedfor example,in
refs.[11.12 11.8 11.1Q 11.13. We follow herethe Milnor-Thurstonexposition[11.14.
They studythe topologicalzetafunction for piecavise monotonemapsof the interval,
andshow thatfor the nite subshiftcaseit canbe expressedn termsof a nite dimen-
sional kneadingdeterminant As the kneadingdeterminanis essentiallythe topologi-
cal zetafunction introducedin sect.15.4,we do not discussit here. Baladi andRuelle
have reworked this theoryin a seriesof paperqd11.15 11.16 11.17 11.18. SeealsoP.
DahlqvistsappendixD.1.

knead- 30mar2009 ChaosBook.ay version13Dec31 2009



Remark 11.3 Heteroclinic connections. For sketchesof heteroclinicconnectionsn

the nonlinearsetting, see Abrahamand Shaw illustratedclassic[11.19. Section5 of

ref. [11.20 makeselegantuseof stablemanifold co-dimensioncountsand of invariant
subspacesnplied by discretesymmetrieof theunderlyingPDEto deduceheexistence
of aheteroclinicconnection.
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Exercises

11.1.

11.2.

11.3.

11.4.

11.5.

Binary symbolicdynamics.  Verify that the short-
estprime binary cyclesof the unimodalrepellerof g-

0,1, 01, 001 . Comparewith ta-
ble15.1.Try to sketchthemin thegraphof theunimodal
function f(x); compareorderingof the periodic points
with gure 11.14. The pointis thatwhile overlayedon
eachotherthelongercycleslook like ahopelesgumble,
the periodicpointsareclearly andlogically orderedby
thealternatingbinarytree.

Generatingprime cycles. Write a programthatgen-
eratesall binaryprimecyclesupto given nite length.

A contracting baker'smap. Considera contracting
(or “dissipatve”) baker'sde nedin exercise4.6.

The symbolicdynamicsencodingof trajectorieds real-
izedviasymbolsO (y 1=2)andl (y > 1=2). Consider
the obsenablea(x;y) = x. Verify thatfor ary periodic
orbitp(1::: n), i 2f0;1g

A, = - ji1-
P 4 1 ]
Unimodal map symbolic dynamics.  Show thatthe
tentmappoint (S*) with future itinerary S* is given
by convertingthe sequencef s,'sinto abinarynumber
by thealgorithm(11.9). Thisfollowsby inspectiorfrom
thebinarytreeof gure 11.14.

Unimodal map kneading value. Considerthe 1
dimersionalquadrationap
f(X)=Ax1 x); A=38: (11.25)

(a) (easy)Plot (11.25), and the rst 4-8 (whatever
looksbetter)iteratesof thecritical point x, = 1=2.

(b) (hard)Draw correspondingntervals of the parti-
tion of theunitinterval aslevelsof aCantorset,as
in thesymbolicdynamicsartitionof gure 11.12.
Note, however, that someof the intervals of g-
ure 11.12 do not appearin this case- they are
pruned

(c) (easy)Checknumericallythatk = S*(x.), knead-
ing sequencgthe itinerary of the critical point
(11.13))is

K =101101111011011101011110111110:::

As the orbits of a chaoticmap are exponentially
unstablesomary digits seenmtoo goodto betrue
- recheckthis sequenceausing arbitrary precision
arithmetics.

exerKnead- 4jun2003

11.6. “Golden mean” pruned map.

(d) (medium)The tentmap point (S*) with future
itineraryS* is givenby convertingthesequencef
S:'sinto abinarynumberby thealgorithm(11.9).
List the correspondindcneadingvalue(11.13)se-
guence = (K) tothesamenumberof digits as
K.

(e) (hard)Plot the dike map, gure 11.15,with the
samekneadingsequenc& asf (x). Thedikemap
is obtainedby slicingo all  S*(x) > ,from
thefull tentmap gure 11.11,see(11.14).

How thiskneadingsequencés convertedinto a seriesof
pruningrulesis adarkart, relegatedto sect.15.5.

Considera symmet-

rical tent map on the unit interval suchthatits highest
pointbelonggto a 3-cycle:

1

0.8

0.6

0.4

0.2

0 02 04 06 08 1

(a) Findthevaluej jfor theslope(thetwo di erent
slopes justdi erby asign)wherethe maxi-
mumat 1=2 is partof a 3-cycle, asin the gure.

(b) Shaw thaBﬁ_o orbit of this mapcanvisit theregion
x> (1+ 54 morergh_anonce.Verify thatonce
anorbitexceed%(_>( 5 1)=4,it doesnotreenter
theregionx< ( 5 1)=.

(c) If anorbitisin theinterval(pﬁ 1)=4 < x< 1=2,
wherewill it beonthenext iteration?

(d) If the symbolicdynamicsis suchthatfor x < 1=2
we usethe symbol0 andfor x > 1=2 we usethe
symboll, show thatno periodicorbit will havethe
substring 00_in it.

(e) On the secondthought,is therea periodic orbit
thatviolatestheabove _00_ pruningrule?
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For continuation,seeexercise15.7 and exercise19.2.
Seealsoexercisel5.6andexercisel5.8.

11.7. Binary 3-steptransition matrix. Construct8 8]
binary 3-steptransitionmatrix analogougo the 2-step
transition matrix (14.10). Corvince yourself that the
numberof termsof contributingto tr T" is independent
of thememorylength,andthatthis[2™ 2™] traceis well
de nedin thein nite memorylimit m! 1.

11.8. Full tent map periodic points.  This exerciseis easy:

justmakingsureyou know how to go backandforth be-
tweenspatialandtemporalorderingof trajectorypoints.
(a) derive(11.12)
(b) computethe ve periodicpointsof cycle 10011
(c) computethe ve periodicpointsof cycle 10000
(d) (optional)plot the above two cycleson the graph
of thefull tentmap.

(continuedn exercisel3.15)
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